We calculate the cross sections for elastic scattering and Zeeman relaxation in binary collisions of molecules in the ro-vibrational ground state of a 2 Σ electronic state and the Zeeman state with the electron spin projection M S = 1/2 on the magnetic field axis. This is the lowest-energy state of 2 Σ molecules confined in a magnetic trap. The results are averaged over calculations with multiple molecule -molecule interaction potentials, which yields the expectation intervals for the cross sections and the elastic-to-inelastic cross section ratios. We find that the elastic-to-inelastic cross section ratios under conditions corresponding to trapped molecular ensembles at T ∼ 10 −3 K exceed 100 for the majority of 2 Σ molecules. The range of 2 Σ molecules expected to be collisionally unstable in magnetic traps at T < 10 −3 K is limited to molecules with the spin-rotation interaction constant γ SR > 0.5 cm −1 and the rotational constant B e < 4 cm −1 .
INTRODUCTION
series of experimental [3, 19, 20] and theoretical [17, 18, 21] studies showed that collisions of magnetically trapped molecules with weakly interacting He atoms are predominantly elastic, as a consequence of weak interaction anisotropy. At the same time, it was demonstrated that the rates of Zeeman relaxation in collisions of molecules with more polarizable atoms characterized by a stronger interaction anisotropy are much greater [22] [23] [24] [25] . The interaction anisotropy in molecule -molecule collisions is generally much larger than in atom -molecule collisions. This raises the question, can molecules be evaporatively cooled?
The evaporative cooling of molecules in a magnetic trap is certainly possible under specific conditions. Recently, Stuhl et al [28] demonstrated the evaporative cooling of an ensemble of OH( 2 Π) molecules confined in a magnetic trap from 51 to 5.1 milliKelvin. It was shown that inelastic Zeeman relaxation in OH-OH collisions can be suppressed in this temperature interval due to the peculiar structure of molecules in the 2 Π electronic state preventing cold molecules from excursions into the strongly interacting regime. The rates of Zeeman relaxation must also be suppressed in the limit of very low temperatures and weak magnetic fields. This suppression is a result of the centrifugal barriers which reduce the collision flux into the inelastic scattering channels [15, 29] . As a result of this mechanism, molecules cooled to 10 −6 Kelvin or below should be amenable to evaporative cooling in shallow magnetic traps [30] . However, in order to trap molecules at 10 −3 Kelvin, it is necessary to apply magnetic fields of finite strength ( > ∼ 50 Gauss). The possibility of evaporative cooling of molecules at such magnetic fields and temperatures remains an open question.
To answer this question, it is necessary to perform rigorous quantum calculations of molecular scattering properties in the presence of a magnetic field. The theoretical analysis of cold molecular collisions in a magnetic field is, however, complicated by two factors [30] [31] [32] [33] . First, molecule -molecule collisions at low temperatures are affected by scattering resonances, which are sensitive to details of intermolecular interaction potentials. A small variation of the interaction potential may therefore lead to large changes of the collision cross sections. Second, the interaction of molecules with magnetic fields disturbs the symmetry of the scattering problem. This makes quantum calculations of cross sections for moleculemolecule collisions in a magnetic field prohibitively difficult. If the problem is formulated in the fully uncoupled basis set representation [16] , fully converged calculations are impossible [31, 32] . As a result, there are very limited reliable theoretical data for molecule -molecule scattering cross sections in a magnetic field. In particular, nothing is known about the relative probabilities of elastic and inelastic scattering of 2 Σ radicals, the simplest kind of open-shell molecules with a non-zero magnetic moment.
The goal of the present study is to provide predictions of the limits of elastic and inelastic scattering cross sections of 2 Σ molecules in a magnetic field. To reduce the uncertainty stemming from the limited accuracy of the interaction potentials and scattering resonances, we average the results of quantum scattering calculations over data obtained with multiple interaction surfaces. This produces statistical expectation intervals of cross sections. We employ the time-independent quantum scattering formalism using the total angular momentum representation that allows large basis sets and dramatically reduces the basis set truncation error [33] . The calculations are performed as functions of the molecular structure parameters in order to provide useful reference points for future experiments.
COMPUTATION DETAILS
We consider collisions of molecules prepared in the ro-vibrational ground state of a 2 Σ electronic state and the Zeeman state with the electron spin projection M S = 1/2 on the magnetic field axis. This is the lowest-energy state of 2 Σ molecules confined in a magnetic trap [3] . Evaporative cooling relies on momentum transfer in molecule -molecule collisions that preserve the spin alignment. However, molecule -molecule collisions may lead to inelastic relaxation populating the lower-energy Zeeman state characterized by
Molecules in the state with M S = −1/2 are expunged from the trap by the magnetic field gradient. The ratio of the cross sections for elastic collisions and the Zeeman relaxation M S = 1/2 → M S = −1/2 is thus a critical parameter determining the possibility of evaporative cooling of 2 Σ molecules in a magnetic trap.
We use the numerical technique developed by Tscherbul and Dalgarno [34] and Tscherbul, Suleimanov and Krems [33] . The details of the theory were described previously [16, 33, 34] .
Traditionally, the time-independent quantum calculations of molecular scattering properties were based on representing the total wave function of the collision complex by a basis set expansion in terms of the eigenstates ofĴ 2 andĴ Z , whereĴ is the total angular momentum of the collision complex andĴ Z is the Z-component ofĴ in the space-fixed coordinate frame.
The substitution of this expansion in the time-independent Schrödinger equation leads to a system of coupled differential equations for the expansion coefficients [35] . In the absence of external fields, the total angular momentum is conserved and the total angular momentum basis leads to a significant reduction of the number of coupled equations. The interaction of molecules with an external field induces couplings between states of different total angular momenta. Therefore, it was originally suggested that the collision theory of molecules in external fields is best formulated using a fully uncoupled space-fixed basis representation [16] . The uncoupled basis simplifies the evaluation of the Hamiltonian matrix elements so it was adopted by many authors [36] [37] [38] [39] .
If evaluated in the total angular momentum basis, the matrix of the molecule -field interactions is tridiagonal. Tscherbul and Dalgarno [34] and Tscherbul [40] showed that the tridiagonal character of the Hamiltonian matrix can be exploited for quantum scattering calculations of molecular properties in fields. As described in Refs. [33, 34, 40] , the scattering cross sections for molecules in external fields can be calculated using the total angular momentum representation with multiple J states included in the basis. The convergence of the scattering cross sections can then be sought with respect to the number of J states.
The results of Refs. [33, 34] show that a few coupled J states are usually sufficient for full convergence of low-energy collision properties in a magnetic field, which makes the total angular momentum basis much more efficient than the fully uncoupled basis. If the total angular momentum basis is used, the collision theory can be formulated using either a spacefixed or body-fixed representation [33] . Here, we use the body-fixed formulation described in detail in Refs. [33, 34] .
We assume that the space-fixed (SF) quantization axis Z is directed along the magnetic field vector and the body-fixed (BF) quantization axis z is directed along the vector R joining the centers of mass of molecules A and B. The Hamiltonian for two identical 2 Σ molecules in a magnetic field can be written (in atomic units) aŝ
as +Ĥ The interaction between the unpaired electrons of the molecules gives rise to the intermolecular magnetic dipole -dipole interaction
where g s is the electron g-factor, α is the fine-structure constant, µ 0 is the Bohr magneton
is the tensor product of rank-1 tensorsŜ A andŜ B [41] . The asymptotic
as of each 2 Σ molecule in a magnetic field is given bŷ
where B e is the rotational constant, B is the magnitude of the magnetic field,Ŝ Z i is the Z-component ofŜ i , and γ SR is the spin-rotation interaction constant.
The eigenstates of the total Hamiltonian are expanded as follows [33] 
where α i denotes collectively the quantum numbers
and Ω are the projections ofN i ,Ŝ i andĴ on the BF quantization axis z and M is the projection ofĴ on the SF quantization axis Z. In the presence of external fields, only M is a good quantum number. This basis set is properly symmetrized to account for the exchange symmetry of identical molecules, as described in Ref. [33] .
The substitution of the symmetrized expansion into the Schrödinger equation yields a set of coupled differential equations. For all computations discussed in the next section,
we integrate these equations on a grid of R from 4.5Å to 500Å using the log-derivative algorithm [42, 43] with a step size of 0.05Å. The results presented in Figures 2 and 3 are obtained with the grid of R from 4.5Å to 100Å. The numerical solutions yield the log-derivative matrix that is converted to the scattering S-matrix and the matrix of cross sections using standard equations [16] . We perform the calculation with the interaction potential operator defined asV = λV NH−NH , where V NH−NH is the 4D interaction potential surface for the maximum spin state of the NH -NH dimer recently computed by Janssen et al. [32, 44] . Each result is averaged over multiple calculations with different λ in the interval Figure 1 shows the results computed with different basis sets corresponding to the maximum quantum number N max = 2-6 of the rotational angular momentum for each molecule in the expansion (4).
For each calculation, the basis included four total angular momentum blocks corresponding to the fixed total angular momentum projection M = 1. Figure 1 illustrates that the elastic scattering cross sections are almost independent of N max , while the cross sections for the Zeeman relaxation significantly increase with N max , indicating that it is necessary to include, at least 6 rotational states (N = 0-5) in the calculations.
As explained above, elastic and inelastic processes at the collision energies ∼ 10 to zero [17] . As the field increases from zero, the inelastic cross sections in the absence of resonant scattering generally increase and the elastic cross sections are independent of the magnetic field [30] . The results at B = 100 Gauss thus represent the highest probability of inelastic scattering in a magnetic trap with molecules at T < 5×10 −3 K. As the temperature of the molecular ensemble is reduced, the depth of the magnetic trap can be lowered, leading to smaller cross sections for inelastic scattering and higher ratios of elastic-to-inelastic cross section [30] .
We note that in addition to spin relaxation, 2 Σ molecules in a magnetic trap may also undergo chemical reactions through non-adiabatic transitions to the singlet spin state of the collision complex [9] . These non-adiabatic transitions are induced by the same couplings as the inelastic Zeeman relaxation. Such chemical processes have been explored for the case of 3 Σ molecules [46] . Unlike Zeeman relaxation, chemical reactions produce molecular fragments with high kinetic energy. Therefore, the suppression mechanism mentioned above does not apply to chemical reactions and the reaction rates are largely independent of the magnetic field. Because the chemical reactions and the Zeeman relaxation are mediated by the same couplings, the rates of these two processes are very similar at high fields. The calculations in Ref. [46] showed that the rates for the chemical reactions and the spin relaxation in NH -NH collisions are very similar at 100 Gauss. For heavier molecules, the Zeeman relaxation rates must approach the reaction rates at lower magnetic fields. Figure 4 shows the averaged results for the elastic and Zeeman relaxation cross sections with the ±σ intervals and illustrates two important observations. First, the elastic-toinelastic ratio is very large at low magnitudes of γ SR . This indicates that the magnetic dipole -dipole interaction is relatively ineffective. Molecules with small spin-rotation interaction constants are thus likely to be amenable to evaporative cooling. This is in agreement with a recent calculation of the Zeeman relaxation cross-sections in collisions of CaH( 2 Σ + ) molecules with Li ( 2 S) atoms [47] . In this paper, Tscherbul and coworkers showed that collision-induced spin-relaxation may be very inefficient even in systems with very large interaction anisotropy, providing it is mediated by weak spin-dependent interactions. The spin-dependent interactions serve as a bottleneck suppressing the Zeeman relaxation even in the limit of infinitely strong interaction anisotropy [47] .
Second, Figure 4 shows that the inelastic cross sections can be well approximated by a quadratic function of γ SR . This indicates that the spin-relaxation process is largely driven by second-order interactions involving the matrix elements of the spin-rotation interaction [16] .
The role of the magnetic dipole-dipole interaction is apparent at low values of γ SR , where the dependence of the Zeeman relaxation cross sections on γ SR is weak. The strong dependence of the inelastic cross sections on γ SR at γ SR > 0.4 cm −1 suggests that the mechanism of the Zeeman relaxation at these strengths of the spin-rotation interactions is dominated by the γ SR -dependent couplings. The elastic-to-inelastic ratio is inversely proportional to γ SR and appears to be above 100, even for molecules with large spin-rotational constants ∼ 1 cm −1 [48] . This value of the elastic-to-inelastic ratio is considered to be critical for the efficacy of evaporative cooling and is often used as a limit below which the cooling experiments become unfeasible [49] .
In the case of collisions with atoms, the Zeeman relaxation of molecules in the state contrast, the inelastic cross sections displayed in Figure 6 decrease monotonically as the rotational constant B e increases. This is another evidence that the mechanism of the Zeeman relaxation induced by the spin-rotation interaction clearly dominates at these values of γ SR .
The results presented in Figure 6 show that the elastic-to-inelastic ratios may exceed 100 even for molecules with the spin-rotation interaction constant as large as γ SR = 0.5 cm higher at lower magnetic fields.
Our results show that the elastic-to-inelastic ratios are consistently greater than 100, except for molecules with very large constants of the spin-rotation interaction and small rotational constants (B e < 4) cm −1 . This indicates a good prospect for evaporative cooling of a great variety of 2 Σ molecules to temperatures below 10 −3 K. Molecules with small constants of the spin-rotation interaction appear to be the best candidates for evaporative cooling, irrespective of the magnitude of the rotational constant. This challenges the previous conclusion [16] that only molecules with large rotational constants should be amenable to collisional cooling. Molecules with the spin-rotation interaction constants > 0.4 cm −1 have favourable collision properties only if their rotational constant B e > 5 cm −1 . Refs. [48] and [49] provide a list of the spectroscopic constants for a variety of diatomic molecules in the 2 Σ electronic state. Figure 7 displays the lower limit of the expectation values of the elastic-to-inelastic ratios for these molecules obtained by the interpolation of our results.
To obtain these data, we used the lowest point of a 2σ deviation of the elastic-to-inelastic ratio from the mean value, corresponding to the ∼ 95 % confidence interval. The figure illustrates that the majority of the selected 2 Σ radicals should be amenable to evaporative cooling starting at milliKelvin temperatures. It is important to emphasize that the results presented in Figure 7 should be interpreted as expectation values accurate to within ∼95 %.
In any specific case, the collisional interaction between the molecules may be affected by details of the interaction potentials, leading to lower elastic-to-inelastic cross section ratios.
Nevertheless, the results of Figure 7 are very encouraging for the prospect of evaporative cooling of 2 Σ molecules as most of the data appear to be well above 100. 6 using the spectroscopic constants borrowed from Ref. [48] .
